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1. Introduction

The linear combinations, ratios and products of two random variables
X and Y say have attracted many researchers in the statistics literature,
X and Y may be independent or dependent. For independent variables,
Pham-Gia and Turkkan [13, 14] derived the exact distribution of X +Y
and X -Y of X and Y are independent beta random variables. Also,
Pham-Gia [15] has derived distributions for X /Y and X /(X +Y) of X

and Y are independent beta random variables. For dependent variables,
Nadarajah [10] has derived distributions for X +Y, X /(X +Y), and

XY for the bivariate Gumbel distribution, followed by Nadarajah and
Kotz [12], who derived the distributions for X +Y and X /(X +Y) of

Connor and Mosimann’s generalized Dirichlet distribution. Also,
Al-Ruzaiza and El-Gohary [2] have derived distributions for
X+Y,X/(X+Y), and XY of inverted bivariate beta distribution.

Nadarajah [11] has also derived the reliability of some bivariate beta

distribution.

The bivariate beta distribution is one of the basic distributions in
statistics, as it attracts useful applications in several areas; for example,
in the modelling of the proportions of substances in a mixture, brand
shares, i.e., the proportions of brands of some consumer product that are
bought by customers (Chatfiled [4]), proportions of the electorate voting
for the candidate in a two candidate election (Hoyer and Mayer [9]), and
the dependence between two soil strength parameters (A-Grivas and
Asaoka [1]). Bivariate beta distributions have also been used extensively

as a prior in Bayesian statistics (see, for example, Apostolakis [3]).
In this paper, we derive the exact distributions of W = X -7,
R=X/Y, and P = XY and their corresponding moments, where X and

Y are distributed according to the joint probability density function (pdf)
given by
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1

a-1,b-1 c-b-d d-1
Ba oo @)t 0 - a =)t o)

h(x’ y) =

forx 20, y>20;,x+y<1,a>0,b>0,d>0, and ¢ > 0.

The distribution in (1) is known as the Connor and Mosimann’s
generalized Dirichlet distribution (see Connor and Mosimann [5]). It has
several applications in many areas, including Bayesian statistics,
contingency tables, correspondence analysis, environmental sciences,
forensic sciences, geochemistry, image analysis, and statistical decision
theory (see Gupta and Nadarajah [8] for illustrations of some of these

application areas).
The calculations throughout this paper involve some special

functions, including the Gauss hypergeometric function

1
B(, n)

1
oF1 (3, M A+ x) = J.uk_l(l w1 - xw) P du, ®))
0

where ReA > 0, Repn > 0, which is given in a series form by

o F1(h, 13 8 x) = Z%% ®3)
=R

where |x| <1, and (f), = f(f +1)...(f + k —1) denotes the ascending

factorial, the Appell hypergeometric function of the first kind

1
FO,8, 3 A+ u,v)= 1 J.xk_l(l — )P = )01 - vx) Vd,
B, w)J
4)
where ReA > 0, Rep > 0, which is given in a series form by
© & (). () (v) utv
B8, v w5 u, v) = ZZ( )i L), : ()

Sa Wit
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where [u| < 1, [v| <1, and

X
B, (A, n) = Itk_l(l — 1) de, (6)
0
which is given by

A
Bo(hp) = TP (k1 - A+ 1 x). (7

The properties of the above special functions can be found in Gradshteyn
and Ryzhik [6] p(286, 1039, 287, 1057, 950).

The rest of the paper is organized as follows: Section 2 deals with the
derivation of the probability density functions (pdfs) and the cumulative
distribution functions (cdfs)of W = X -Y, T = X /Y, and P = XY. The

corresponding moments are discussed in Section 3. Section 4 introduces a
simple way for generating observations from the bivariate distribution in

(1), and hence observations from W, T, and P. Section 5 provides an

application to compositional data of lavas from Skye (see Nadarajah and
Kotz [12]).

2. The Probability Density Functions

In this section, we derive the exact probability density functions and
the cumulative distribution functions of the differences, ratios, and
products of two random variables having Connor and Mosimann’s
generalized Dirichlet joint distribution, given in (1).

Theorem 1. If X and Y are jointly distributed random variables with the
joint pdf (1), then the pdf and cdf of W = X — Y are given, respectively, by

7F(a+c)l"(b+d) (—w)b’1(1+w)‘”d’lFl(a,b+d—c,1—b;a+d;—1+w,—1+W), if —1<w<0,
2°T(H) () (a+d) 2 2w

Blatb1d) g (prd-cdia+brd-1-1), if w=0,

gw(w)=12%""%"1 B(a,c)B(b,d)
1 a-1 c—1 1 w-1 .
w* T (1-w) T (b,b+dfc,1fa;b+d;f,—), if 0<w<1,

2° B(a,c) ! 2’ 2w
0, otherwise,

®
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where a + b > 1; and

0, if w<—1,

©

1 m+n
= r(?b%)rﬁ:id) z(“ m*;(fgd Cm,n, O %) (1) By, (a+d+menp-n),  if -1<w<0,
a m= (Jn 0 m+n

Gy (w)= [(a+c)0(b+d) Z(a)mm(ber ), (1-b),, (1) (1) Bla+d+m+nbn)

24T (b)r( F(a+d)m = £ (a+d), mnl 2
b)mm (b+d-c),,(1-a) (1)m+n . '
-1)"B,,(a-n,c+n), 0<w<l,
ZbB(ac)mzo; (b+d),,,,m'n! 2 (-1)" B, (a—n,c+n) o<
§ if w>l.
)

Proof. Using (1), the joint pdf of W = X - Y and Y is given by

_ 1 a1 b-1( . xe=b=d;y . o yd-1
f(W7 y) - B(a, C)B(b, d) (W + y) y (1 w y) (1 w 2y) ,
—1<w<1,—w<y<1_2w
Thus, the marginal pdf of Wis
gw(w) = j fw, y)dy,  -1<w<1,

For -1 < w < 0, the pdf of Wis given by

1-w

1

gW(W) _ W ybfl (w 4 y)afl (1 W y)cfbfd(l e 2y)d—1 dy

L

1

“aanea 0 (Lo o

b-1
1+w d-11+w
1-— 1— 1T W
x( o vj (1-v) 5 dv,

where the transformation v = w has been applied. Solving the
w

above integral using (4), we get the first part of Equation (8).
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Now, for w = 0, we have

gW(W) B(a C)B(b d) j b+a—2(1 - y)07b7d(1 - Zy)dildy

_ 1 1 a+c—d-1% d-1 a+b-2 —(b+d—c)
sz [ e

Using the transformation v = (1 — 2y) and (2), we obtain the second part

of Equation (8). Asfor 0 < w < 1, we have

—

W

o w+ ) 1 - w— y) 01— w—2y)@ Ly

o!—.w|

1
W) B, G, @

~ Bla, 0B, d) c)B(b d ? (w( Da_l((l_w)[ L DC—b—d
(o-wf- 2]

)—(b+d—c)

1
1 a-1 -1, b-1 d-1 u
= wd (1 - w) ju 1-u) (1——

2° B(a, ¢)B(b, d) 0 2

Using the transformation u = 12y and (4), we get the last part of
-w

Equation (8).
Integration of gy (w) in (8) with respect to W and using (5), leads to

Equation (9), which completes the proof.



DIFFERENCES, RATIOS AND PRODUCTS FOR ... 159

Remarks. (1) The pdf of WO =Y — X = —W 1is given by

1 a-1 c-1 1 1+w .
w1+ T R (b,b+d—c,1—a;b+d;7, - j, if -1<w'<0,
2°B(a,c) ! 2’ 2w
lz(‘fb’l’d) oFy(b+d—c,d;a+b+d-1;-1), if W =0,
g (W)=42%7"%"1 B(q,c)B(b,d)
ww'b_l(l—w')‘”d_lFl(a,b+d—c,1—b;a+d;1_w ,L_,l), if 0<w'<1,
2°T(b)(c)(a+d) 2 2w
0, otherwise,

where a + b > 1.

(2) The stress-strength reliability function R = P(X <Y) obtained

using (9) as

P(X < Y) = Gy (0) = L@+l +d) i i (@i (b +d —c),,1-b),

29T (c)(a + d) =6 1= (@ +d),,,,mn!
X(%)ern(_l)nB(a+b+m+n,b—n), (10)

3) Seeif a =b =c =d =1, the pdfs of Wand WU are, respectively,

given by

In2 —1In(1 - w), if —1<w<0,

gww) = (11)
In 2, if 0<w<1,

and

In 2, if —1<w <0,
gw'(wl) =

In2 - In(1 + w'), if 0 <w <1.

The different plots of Figure 1 illustrate the shapes of the pdf of W for

some selected values of a, b, ¢, and d, where it is obvious that the effect

of the parameters is evident.
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Figure 1. Plots of the pdf of W=X — Yfor (a): a=0.6,6=0.6;(b):a=1,b=1;
(¢):a=3,b=3;and (d): whena =15 (b =5,c =5, d =5), when b =15
(a=5,c=5,d=5), whenc=15(a@=5,b=5,d =5), whend =15 (a =5,
b=5,c=5).
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The first plot in Figure 1 indicate that whenever if ¢ = b <1 and
¢ =d >1, then the mode is zero; while, when ¢ =b =1 and ¢ =d > 1,
then again the mode is zero in the second plot, also when a =b =c¢c =d
=1, then the curve satisfies Equation (11). If a =6 =3 and ¢ =d <1,

then the curve is inverse J shaped in the third plot, and if

a =b=c=d =2, then the curve is symmetric about mean. Also, in the
last plot, when the value of a is large and b = ¢ = d, then the curve is
skewed to the left, and when the value of ¢ is large and a = b = d, the

curve is skewed to the right, whereas when the value of b is large and

a = ¢ = d, the curve is symmetric about mean, and when the value of d

is large and a = b = ¢, then the curve is skewed to the left.

Theorem 2. If X and Y are jointly distributed random variables with
the joint pdf (1), then the pdf and cdf of T = X | Y are given, respectively,

by

_T(a+c)(a+b)r(b+d) 971 ) ot
gr(t)= (@) (b)(c)(a+b +d) (1+t)a+b 2F1(b+d—c, a+b,a+b+d; mj,
(12)

where 0 < t < oo; and

_Da+cl(a+bd(b+d) (@ +b),(b+d-c)
Gr(t) = FaT G ea + 5+ d) ; @rbrayl Buayla+lb)

(13)

Proof. Using (1), the joint pdf of 77 = X /Y and Yis given by

f(t, y) = m (ty)* P - ) 0l -ty - )

0<t<ow0<(1+t)y<1.
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Thus, the marginal pdf of T'is

gr(t) = _f yf(t, y)dy

1
~ 1 a1 g+l d1 " —(b+d-c)
= B(a, C)B(b, d) (1 4 t)a+b ‘([u (]. - u) (1 - 1+1 u) du,

where the transformation u = (1 + ¢)y. Using (2), we obtain (11).

Equation (13) is obtained by integration of gp(¢) in (12), with respect
to ¢. This completes the proof of the theorem.

Remarks. (1) The pdf of T = % is given by

Ta+c)(a+b)(b+d) 2"}
(a)D(b)(c)(a + b+ d) (1+2)+ 2

gT,l(z)z Fl(b+d—c,a+b;a+b+d;ij,

where 0 < z < .
(2) The stress-strength reliability function is given as R = P(X < Y)

- P(é < 1) — P(T <1) = Gp(1). Using (13), we get

_Da+cl(a+bdI(b+d) (@ +b)(b+d-c)
Gr(1) = T BINeIa + b+ d) ; @byl Burpl@rlb)

(14)

Figure 2 with its various plots illustrates the shapes of the pdf of T'

for selected values of a, b, ¢, and d, where the effect of the parameters is

quite clear.
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Figure 2. Plots of the pdf of 7= X/Y for (a): b=2.5,¢c=2.5; (b): b=3,¢c = 3;
(¢):b=5,c=5;and (d): whena=15(b=5,c=5,d=5), when b=15 (@ =5,
c=5,d=5),whenc=15(@=5,b=5,d=5), whend =15 (a =5, b =5,
c=5).
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From the first plot of Figure 2, it can be seen that if b = ¢ > 2.5,
a=d=1 and t - 0, then pdf is gp(t)=b%/(b+1). If b=c> 2.5,
a=d =05 and t - 0, then gp(¢) > o, and also where a = d > 1 and
b = ¢ > 2.5, then the curve is skewed to the right in the second and third
plots. As for the fourth plot, when the values of b =15,a =¢ =d and
¢ =15, a = b = d, the curve is again skewed to right, while for values of
a=15b=c=d=5 and d =15, a =b = ¢ =5, the curve away from
the x-axis.

Theorem 3. If X and Y are jointly distributed random variables with
the joint pdf (1), then the pdf and cdf of P = XY are given, respectively,
by

B C(a + c)'(b + d)I'(d) b-1f,  Fioeb-d o \e-b-d
§r(p)= 22 (L (b)) (2d) =) )

2p

><(1—410)(1_%F1(d,b+d—a,b+d—c;2d;2—1+ “1_4p,2—1_”21p_4p),

(15)

where 0 < p < i; and

ZZ(_ 1)m+i

i=0 j=0

Go(p) = BZ“’: i(d)mm(b +d-a),b+d-c), (l

(2d),,,,m!n! 2

)m+n L X

m=0n=0

a-b-d+n\c-b-d+m 1
x . (4)(m+n—b)B4p(b_m—n,d+§(m+n+i+j+1)),
J

(16)

T(a + )0(b + d)I(d)
9a+¢=26=2d 1 (g \L(b)(c)0(2d)

where B =
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Proof. Using (1), the joint pdf of X and P = XY is given by

b-1 d-1
- a-2( P _eb-d(q P 1
e p) = K2 2] - (1w 2 0<pad

1._a-b- ~b-d d-1 d-1
= Kp® 27071 — x) 0 — ) (py —x)¥ 7, py < x < pg,

~ !1—«/12—4p!, and py = !1+\g—4p!‘

1
where K —W, b=

Thus, the marginal pdf of P can be written as

P2
gp(p) = Kp*™! I 207071 - ) (w — p) P (py - %)
D1
1

-1_a-b- —b- 2d-1 - -1
= KpP - py ) (g - P [0 - 5
0

~(b+d-a) 3 —(b+d—c)
y (1 _ (1 _ p_j) (1 _ uj ds.
p1 1-p

X — P
P2 —P1

Using the transformation s = and (4), we have

2p(p) = Kp® 1 p @77 (1 = p ) (py — p1)** 7 B(d, d)

’

xFl(d,b+d—a,b+d—c;2d;1—p—2 uj.
pt 1-p

Hence the pdf can be rewritten as the result given in Equation (13). To
obtain the cdf of P, integration of gp(p) in (15) with respect to p and

using (5), leads to the result (16), which completes the proof.
Figure 3 illustrates the shapes of the pdf of P for selected values of
a, b, ¢, and d, and, in this case too, the parameters show a considerable

effect on the shapes of the curves.
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Figure 3. Plots of the pdf of P = XY for (a): a = 0.5, 56 =0.5; (b): a =1,
b=1;():a=3,b=3; and (d): when a =15 (b =5, ¢c = 5, d = 5), when
b=15(a=5,c=5,d=5), whenc=15(@=5,b=5,d =5), whend =15
(a=5,b=5,c=5).
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The first two plots of Figure 3 indicate that for ¢ = b = 0.5 and 1, also
for increasing values of ¢ and d, the curve is inverse J shaped, decreasing to
reach the x-axis, also if p — 0, then g(p) — «. Also when a =b > 0.5,

c=d=05 and p=025 then g(p)= (N(b+0.5)% /2025 (@®)2. If

a =b=c=d >1, then the curve is symmetric about mean. Also, in the

last plot, similarity is obvious when a =15 and ¢ = 15.

Using special properties of the hyper geometric functions, one can
derive elementary forms of the pdfs in (12) and (15). This is illustrated in
the corollaries below:

Corollary 1. If X and Y are jointly distributed according to (1) and if
¢ = (b+d), then T has a beta distribution type II with parameters (a, b),
given by

1 t¢1
g(t) = B, 5) (1 1

where 0<t<ow, and T™' has a beta distribution type II with

parameters (b, a).

Corollary 2. If X and Y are jointly distributed according to (1) and if
a=c=(b+d), then V =4P has a beta distribution type I with

parameters (b, d + 0.5), given by

1

)= 3o a+05) V-

where 0 < v < 1.

3. Moments

For deriving the moments of W, T, and P, we need the following

lemma:

Lemma 1. If X and Y are jointly distributed random variables with
the joint pdfin (1), then

E(X"Y™)= KB(a + n, ¢ + m)B(b + m, d), 17
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1

fOra+n>0,b+m>0,C+m>0’andK:W.

Proof. Knowing that

Elx"y™)= [ [ X"Y"h(x, y)dyds, (18)
and substituting with (1) into (18), we get

1-x

1 —
E(XnYm) — KJ '[ xn+a71ym+b71(1 _ x)c—b—d(l —x = y)d_ldydx
00

1 1-x d-1
_K j Gl pyebd j ym+b_1[(1—x)(1—%j Jdy)dx.
0 0
Using the transformation u = ﬁ, we obtain
1 1
E(x"y™)= K J‘ RAL(g Z )ebl j [w(l = 2)™ 711 = )11 - x)du)dx
0 0
1 1
_ Kjxrwa—l(l _x)c+m—1dxjum+b—1(1 _ u)dildu.
0 0

Solving the integral, we obtain the result (17). This completes the proof of

the lemma.

Theorem 4. If X and Y are jointly distributed according to the joint
pdf(Q),and W = X -Y, then

m

EW™) = Ki(— 1)’"1[ JB(a +lc+m-0)Bb+m-1d),
=0

l
form=>=1,b+m>1c+m>]I, (19)

where K is as defined in Lemma 1.



172 N. A. MOKHLIS et al.

Proof. Starting with the definition of expectation and using the

binomial expansion, we get

m

E(W™) = E[(X - Y)"] = i(— 1)’”"[ JE(XIY”H), m>1.
=0

l

Applying (17), we obtain the result (19).
Note that, if m = 1, then

ab+d)-cb

ECE (i)

If either a =b=c=d or a =c b=d, then the expectation of W is
constant and equal to 0.25. If a = b, ¢ = d, then the expectation of W
equals the square of the expectation of X. That is,

Cl+C2

2
EW) = ( ¢ = (B(X)?.

Also, if m = 2, then

E(WZ)— cblc+1)(b+1)—2acbb+d+1)+ala+1)(b+d)(b+d+1)
- (@+c+1l)(a+c)(b+d+1)(b+d) ’
and hence

Var(w) = e+ Db +1) = 2acbb +d +1) + afa + (b + d) (b +d +1)

(@+c+l)(a+c)b+d+1)(b+d)

If a =b=c=d, then Var(W) depends on a say and is an increasing

function in a.

Theorem 5. If X and Y are jointly distributed according to the joint
pdf(D,and T = X 1Y, then

E(I™) = KB(a + m, ¢ - m)B(b - m, d),
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for m >21,b > m, c > m, (20)
where K is as defined in Lemma 1.
Proof. Writing E ( mn ) =K (X my-m ) and substituting in Equation (17),
we obtain the result (20).
Now, if m =1, then

alb+d-1)

PO ey

where b > 1, ¢ > 1.

Also, if m = 2, then

_ala+1)(b+d-1)(b+d-2)
B = e 69

and hence

Var(T) =

a(a+1)(b+d—1)(b+d—2)_(a(b+d—1))2
c-D-2)b-1)06-2) \(-DOE-1))°

where b > 2, ¢ > 2.
If ¢ = b+d, then

a

(b-1)

ala +b-1)

H- 61762

and Var(T) =
which are the expectation and variance of beta distribution type II with
parameters (a, b).

Theorem 6. If X and Y are jointly distributed according to the joint
pdf (1), and P = XY, then

E( m):KB(a+m, c+m)B(b+m,d),
form=>=1,a+m>0,b+m>0,c+m >0, (21)

where K is as defined in Lemma 1.
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Proof. Setting m = n in the relation (17), we get the result (21), thus
completing the proof.

Now, if m =1, then

acb

EP) = i Dar 00 )

Ifeither a =c=b=d, or a =c, b =d, then

BP) = 4(2; +1)
Also, if m = 2, then
_ acb(a +1)(c+1)(b +1)
E(PZ)_ (@+c+3)(a+c+2)(a+c+1)(a+c)(b+d+1)(b+d)’
and hence
Var(P) = acbla +1)(c +1)(b +1)

(@+c+3)(a+c+2)(a+c+)(a+c)(b+d+1)(b+d)

_ acb 2
(@+c+l)(a+c)d+d)) -
If a=c=0b+d, then

b
b+d+0.5)

b(d + 0.5)

E(4P) = (b+d+05720b+d+1.5)

and Var(4P) =

which are the expectation and variance of beta distribution type I with

parameters (b, d + 0.5).
4. Generation of (X, Y)

Notice that the marginal distribution of X and the conditional

distribution of Y given X = x are given, respectively, by

xafl (1 _ x)c—l

f(X)Zw, O<x<1, (22)



DIFFERENCES, RATIOS AND PRODUCTS FOR ... 175

and

f(ylx):(l_x)( Y jb_l(l— Y jd_l, 0O<y<l-x, O<x<l.

B, d)\1-«x 1-x
(23)
From (22) and (23), we see that the distribution of X is beta with
parameters (a, ¢), while the distribution of random variable Z = %

is beta with parameters (b, d). Using (22) and (23), we can generate an

observation (X, Y) from the distribution in (1) as follows:
Step 1. Generate X from B(a, c).
Step 2. Generate Z from B(b, d).
Step 3. Set Y = Z(1 - x).
Step 4.If X +Y < 1, then deliver (X, Y).

Step 5. If the inequality is violated, reject Y and repeat Steps 2
through 4 again.

5. Application

Here, we provide an application of the results in Sections 2 and 3. We
use the data set on compositions of lavas from Skye (see Nadarajah and
Kotz [12]). The three variables are: A = proportions of sodium and
potassium oxides, F' = proportions of iron oxide, and M = proportions of

magnesium oxide.

Note that each column in Table 1 adds to 1. Our interest is showing
the differences, ratios, and products of proportions of A and F, the
proportions of A and M, and the proportions of F and M; and determine
the stress-strength reliability function P(A < F), P(A < M), and

P(F < M). An obvious model in this situation would be the generalized

Dirichlet distribution given by the joint pdf (1).
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Table 1. Data on compositions of lavas from Skye

A F M
0.52 0.42 0.06
0.52 0.44 0.05
0.47 0.48 0.05
0.45 0.49 0.06
0.4 0.5 0.1
0.37 0.54 0.09
0.27 0.58 0.15
0.27 0.54 0.19
0.23 0.59 0.18
0.22 0.59 0.19
0.21 0.6 0.19
0.25 0.53 0.22
0.24 0.54 0.22
0.22 0.55 0.23
0.22 0.56 0.22
0.2 0.58 0.22
0.16 0.62 0.22
0.17 0.57 0.26
0.14 0.54 0.32
0.13 0.55 0.32
0.13 0.52 0.35
0.14 0.47 0.39
0.24 0.56 0.2

The distribution in (1) reasonably fits the three bivariate data sets of
proportions: data set 1 containing the values (A, F'), data set 2

containing the values (A, M), and data set 3 containing the values
(F, M). Table 2 gives the estimates of a, b, ¢, and d, which were

obtained by using the maximum likelihood method (see Nadarajah and
Kotz [12]). Table 3 gives estimated values of the moments E(W), E(T),

and E(P); (19), (20), and (21) and sample means, respectively, obtained.
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Table 2. Estimated values of a, b, ¢, and d
Data set a b ¢ d

A, F) 3.827 13.474 10.350 4.497

(A, M) 3.827 4.497 10.350 13.474

(F, M) 53.331 1.991 45.930 2.724

Table 3. Estimated E(W), E(T), E(P) and sample mean
Data set E(W) W E(T) T E(P) P

A, F) -0.2774 -0.2691 0.5569 0.5201 0.1380 0.14
(A, M) 0.0873 0.0739 1.9864 2.7256 0.0461 0.0415
(F, M) 0.3419 0.3430 4.4497 3.8852 0.1039 0.1061

Figures 4-6, 7-9, and 10-12 show the fitted pdfs of W(8), of T(12), and

of P (15), using the estimated parameters, and histograms using the data.

As we see from Table 3, estimated values of the expectations using

the estimates of the parameters, is approximately the same as the
sample means. This indicates that the distributions in (8), (12), and (15)
fit well the data.

The stress-strength reliability functions are given in Table 4 by using

Equation (10) of W and Equation (14) of 7.

Table 4. Some reliability values

Data set PW <0)=P(T <1)
@A, F) 0.8946

A, M) 0.2997

(F,M) 0.0040

We see that the results in Table 4 are consistent with the graphs in
Figures 4-6 and 7-9. Also, the results in Table 4 are consistent with the

results in Table 3.



178 N. A. MOKHLIS et al.

2
S
o
('S
[a]
o
=
2z
=
('8
-1 0.2 0.4 0.6 0.8 1
w
104 Mean =-0.27-
Std. Dev. =0.163
M =23
&
T 6
E
a
3
o
@
p=
(VI
4
5
o T
=-0.40- =020~ 0.00 020

Figure 4. Fitted pdf of W= X — Y given by (8) when X is sodium and

potassium oxides and Y is iron oxide.
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Figure 5. Fitted pdf of W = X — Y given by (8) when X is sodium and

potassium oxides and Y is magnesium oxide.
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Figure 6. Fitted pdf of W= X - Y given by (8) when X is iron oxide and Y

1s magnesium oxide.
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Figure 7. Fitted pdf of 7' = X/Y given by (12) when X is sodium and

potassium oxides and Y is iron oxide.
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Figure 8. Fitted pdf of 7" = X/Y given by (12) when X is sodium and

potassium oxides and Y is magnesium oxide.
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Figure 9. Fitted pdf of 7= X/Y given by (12) when X is iron oxide and Y

1s magnesium oxide.
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Figure 10. Fitted pdf of P = XY given by (15) when X is sodium and

potassium oxides and Y is iron oxide.
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Figure 11. Fitted pdf of P = XY given by (15) when X is sodium and

potassium oxides and Y is magnesium oxide.
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Figure 12. Fitted pdf of P = XY given by (15) when X is iron oxide and Y
is magnesium oxide.
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Clearly from Figures 4-6, 7-9, and 10-12, we can see that the data fits

the given distributions.
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